Appendix E

Answers to Selected Exercises
Introduction to Perturbation and
Asymptotic Methods

by M. H. Holmes

July 26, 2026

Chapter 1
Introduction to Asymptotic Approximations

1.2
a)a<0,e)a<l

1.4
b) f=-g=1/e

1.8

b) ¢1 K ¢5 K 2 K P3 K g K Pa
C) P1 K -+ K 5

e) ¢3 K -+ K

1.9

c) 23/2(1 4 3¢2/8)
d) 2 —em/2

f) e —ee/2

1.10
d) (In(e) = 7)e

1.11
b) —y —In(z) + = — 12

1.13
b) f =1/e and ¢ = —1/¢; must have f — ¢ = o(1); yes, because given any ¢ > 0
we can get |f — ¢| < d|d|. But, ¢ = O(1) = |¢| < K and so given any § > 0, we
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get that |f — ¢| < 4.

1.17
b) [S] ~ evy(v? = 1)e?/12 + O(e?)

f) e +2, —Ine +In(—Ine)

1.21
a) A\, — 1/\,

1.22

|
=t
~—
Q)

a) x ~ k +ex; where z; = (—1)¥210k /[(k — 1)!(20 — k)!]

b) e <2.2x 107

1.23
a) x ~ —cos(1) + 2esin(1) cos(1) + . ..
b) P ~ 2m(1 + 1002)

1.25

b) E ~ M + esin(M) + 1e?sin(2M) + 1e*(3sin(3M) — sin(M))

1.27

E Answers

a) AT+ e(K'BTP, — ATBAT) where K = ATA and P, =1— AAT

1.28
a) A7l —cAT'BAT!

1.29
a) D2 4 DV2LT

1.31
a) k(s) ~ ¢/
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1.32
b) x5 ~ In(3/yo)—e%y1/yo where yo = y(0) ~ 1.3 and y1 = 3 In(3/y0) In(yo/(2—
Yo0))

1.33
b) a =1 and A; = 5¢2/3
d)a=1and Ay =1/(1+02)

1.36
¢) y ~ esinh(x)/sinh(1) + e*(Asinh(3x) + Dz cosh(z) + co cosh(z)), where
A= -1/(32s%), D =3/(85%), co = —(Asinh(3) + D cosh(1))/s, and s = sinh(1)

1.37
a) T, ~ 2+ 4e

1.38
b) y ~ yo + ey1 where yg = —7/a+ (1 + a)(1 — e *7)/a? and

ayy = /OT f(s)ds —e o7 /OT f(rye* dr

¢) Method 1: if yo(79) = 0 with 79 > 0 and a > 0, then i) yo(2) > 0, ii) 79 <0
if o> 1,and ili) a =1 = 1.5 < 719 < 1.6. Thus, 1 < 19 < 2Va > 0; Method 2:
a1l = 7~2-2a/3 = decrease

1.44
b) p~e®[(B —1)(1 — s?)/2]" where r =1 +e¢s

1.42
b) V2¢; = ¢1 + ¢3/6 where 0,¢1 =0

1.48
b) y ~ Acos(nmz) where w = nr+e2(2—a?—a*)nwA%/(16a2) forn = 1,2,3, ...

1.49

a) A ~ aXg + a?A\; where Ao = K(0,0) for Ay = $[K,(0,0) + K,(0,0)], and
y ~ yo(z) + ayi(z) where yo(x) = K(x,0)/K(0,0), and y; = [Ks(z,0) —
2190(2))/ (20)

c) Aasin (a) and ¢ ~ 1+ aK,(0,0)(¢ —1/2)/K(0,0)

1.50
2
¢) By = [*_Vigdde and By = — [y (ffoc(vl - El)wgds) da
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d) 1o = Ag exp(— 3 Eoz?), Ag = (A/m)!/4

1.51
a) A ~ Ag + €A1 where )¢ is an eigenvalue for and A and \; = xJ Dxg/X0 - Xg
b) A ~ Ag + €A1 where Dx = A\1x

Chapter 2
Asymptotic Approximation of Integrals and Sums

2.7
“Le(_ 13
NG 222 4xt

2.8
a) 2/x3 — 12/
b) T2 (1500

3y 0+5)

2.9

V2/(nm(1—1/(4n))

2.10 )
Qlwe—z (1 4 4n8;1)

2.25
s24+Ts+14 s+7 1 s2—s—1—-s+3 4s—7
b) -8 s2+7s s |, 3s+1 s2-9 —s+13
—8s —14s — 8 2 2s—1 s—3 s2—3s+5

c) (w,y,2) ~ (3/2,3,3)t?
d) (z,y,2) ~ (15/4,-1,-2), (z,y,2) ~ (1/4,1/2,1/4)e3

2.28 ,
e’ 4n°—1
b) yo= (1- 5

2.29
b) /2/(mn)(1 —1/(4n))
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2.30
—1/(zlnz)

2.32

7/(2ne/2"

2.39
(\2/5)?72 cos(gt?/(4x)) + sin((gt?/(4x)))

2.50

a) f~—242e—2yc
b) w/(2¢) — 1

c) —In(e) +¢

d) —In(e) -

e) 2In(e) — 4eln(e)

£) (1/2)(n(e))? — /6

2.53
fle)~=Ine)+A+eln(e)+(1—e— e

2.56
a) 1/z —1/(22%) + 1/(623)

b) In(2)/z — 1/(42%) + 1/(1623)
¢) 1/22 — 1/(62*) — 1/(305)

2.57

a) In(n) +1/(2n) + ¢+ 7/12 — 1/(12n?)

b) In(2) — 1/(4n) + 1/(16n2) — 1/(128n?)

c) In(n) +¢In(2)/2 + 1/4 + 1/(2n) + 5/(12n?)

2.58
a) c—1/(2n) + 1/(4n?)
b) ¢ —3/(2n) — 1/(4n?)
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Chapter 3
Matched Asymptotic Expansions

3.1
a) y ~ax+ (1 —a)(l—e /%)

3.2
a)y~1/v3+x—e /3 where 7 = 2/c
Y~ 1+671 —_e % 76717:?

y~ =3z +4(5—-3e4%)/(5+ 36*4””)

o

)
b)
)
)
)
)

d) y ~ g(z) — g(0)e~® where g(z) =1 — f f(s
e)y~e(l+2x+2e7)/3
f) y ~ sech(1)[—sinh(1) — e® + (1 + e)e™¥]
g)y~—1+2e7
h) y ~ (1 + 722)Y/3 — 3/2/[sinh(z) 4+ v/2] where z = v/3x /¢ + arcsinh(23/2)
3.9
a)y ~ BF(x,1) f F(x,r)g(r)dr 4+ e PO)/e[q ﬂFOl +f0 )g(r)dr]

where g(r) = f(r)/p(r) and F(z,7) = exp([ q(s)/p(s)ds)

3.10
a)y ~ 1+aeV®— I [ e==" ds where 7 = x/e?/3 a=2/e, and k = 2r(2/3)

3.11
8) y ~ f(2) — F(0) exp(—72/2) where & = /|
b) y ~ f(x) — £(0) exp(~q(0)72/2) where & = 2/ /2

3.13
a) y ~x+122/(1 + 2)? where z = exp(v/2x/e)

3.15

a) BLat x =0,1: y ~ 1 — 2 —exp(—z/+/e) — exp((z — 1)/\/2)

b) BL at = 1: y ~ yo(z) + (1 — yo(1))e”

)BLat x =0,1: y ~ —ef(x) + (f(0) + 1)e™® + (ef(1) — 1)e?Ve
d)BLat 2 = 0,1: y ~ V1 +22 4+ Yy(Z) — 1 + Zo(&) — v/2 where Yy = —2 +
3((1 + we™V2%) /(1 — we™V27))2 for w = 7 — 4v3

)BL at 2 = 1: y ~ yo(x) + 2(5 + €2%) /(5 — €2%) — 2

YBLat z = 0: y ~ yo(x) +7(11 — 3e~7%) /(11 4+ 3e~7%) — 7

h) BLat z = 0,1 y ~ yo(z) — 2e% + Zy(%) + 1

k) BLat x =0,1y ~e* —e” i+(4—e)e

) BLat z =0,1: u~ —f(z) + f(0) exp(—Z/+/E(0)) + f(1) exp(Z/+/E(1))

m) BL at x = 1: y ~ Zy(Z) Where

c
e
f
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Zo dr

2 2(r —In(r)—1) B

n) BLat 2 =0,1: y ~ e® + 0@ — 1 4 %@ _ ¢ where

Yo dr
[t
n(2) V€' —r—1
3.17

BLatz =0,1:y ~ kg (1—e@+HD/e —e@=D/y and g ~ kg +... = Ko =23

3.18

a)y~ H(0)/H(z)+ Yo(Z) — H(0)/H(1) and Z = (x — 1)/e and
. _ B N H( ) — ( )Yo

3.19

iii) y ~ arctang=— + Yy (Z) — §, where

3 1 2
Yo(Z) = Zﬂ - arcsin( — 1+ 2tanh? (21/4:E + arctanh(§ 2+ \/5)) >
3.20
Cr~ e — %ﬂe_(’”l)t/g, where s¢(t) is defined implicitly
3.22

2) g~ 37— D7) = FO)e ]+ 9N +lgo — (v = 1)~ FO)] el 77— T

where t = x /e

3.23
b) A ~ n272(1 + 4e + (12 + n27?)e?)

3.24

y~—f(@)/q(x)+ (a+ fo/ao)e™™s + (B + f1/q—1)e"* @D/ where fy = f(0),
etc and 7o = —po — \/p3 + qo and 11 = —p1 + /P + @1

3.25

a)y=(8—a)/2

b) ¢ = e + /ey P(x,¢)

c) outer: ¢ ~ ea/ kD) BLat x =0, & ~ —*/(B+kz/VE+ 1)'/*, where k =
(2k+1)/(2k+2), B = ( Wk+1)" (k1) and T = x/e"; solution symmetric
about z = 1/2
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d) it’s necessary to find the second term in the BL to be able to match
e) v = (B —alf2])/]0%]

3.29

a) IL at mg = 1/2: y ~ erf((z — x0)/v/2¢)

b) IL at 2o = 0: y ~ —2e! =% + 2 cosh(1)erfc(x/\/€) for 0 <z < 1

) IL at zg = 2/3: y ~ 22/2 —2/9 + (1 — ce®) /(1 + ce®) where ¢ = e9/4.
e) IL at xg = 1/2: for 0 < z < zg, y ~ yo(z) + Yo(Z) — 2 where

2v/6 arctan (Yo /V6) + 31In(Yy + 2) — 3In(2 — Yy) = 7/4

f) IL at 29 = 2/3: y ~ 2 — 3z — 4(e*® — 1)/(e*® +1).

3.32

a)y~1++v1—a?

c)y~1+v1—2a2 f0r0§x<x0:\/3/2,y~0forxo<x<1, and in the IL
at xg, y ~ Zo(&) where 2/Zy+(4/3) In((3/2—Zy)/Zo] = T+ B for & = (x—x0)/e
d)inthe BLat x = 1,y ~ Yy(&), where (2—3/Y)) exp(3/(2Y)) = (7/2) exp(3(Z—
1)/4)

3.34
b) BLat z =0,1: y ~ k(2 — 1) + (=3 — k)e® — ke~ %, where & = (v — 1)/e and
T=uxfe

3.35
a) outer: y ~ 1(k+ Vk?+4a) for k = 1 —a —2/2; BL: = (z — 1)/e,
4da=1-2a+V1+12a+4a?, 4b=—-142a+vV1+12a+4a2,and 0 <Y <a

satisfies .
afY a b+Y *62(a+b)j
a b N
3.37
¢)y=—2+xz/d+c [ exp(—4g(s)/e)ds, where g(z) = 2 /3 — (a+b)z?/2+ abx

and c is an € dependent constant that makes y(1) = 3. The desired conclusion
comes from the fact that ¢ = 0 if g(z) < 0 anywhere in the interval 0 < z < 1.

3.38

a) T =Ty

b) T ~1—eln[l — (Too — 1)™¢]

c) p=c"exp((1 - Tw)/(eTx)) and

T
T+70= —/ r~"exp(r/T2)dr
1
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3.40

a) CL at xg = %: y~1—x+ len(e(x—afo)/s +1)

b) CL at zp = %: y~1—x+eln(e2==20/c 4 1)

¢) CL at zg = 0: in the CL, Y ~ /£ [32(—3 + erf(2)) — exp(—2?)/(2v/2m)]
where T = x//e

3.44
for0<z<a:

b bma fgq—g\ e
Nl—
1= ()7 ()

Y ~ 14 &ag [M(=7,1/2, —(b— a)72/2) — kZM(1/2 — 7,3/2, — (b — a)7/2)]

where v =a/(2(b—a)) and k = \/2(b—a)['(n+ 1/2)/I'(n) for n = by/a

for CL at z = a:

3.45
Outer: y ~ yo(x) where

/2 dr
—=1-z
yo arctanh(r — 1)

BLs at x = 0,1 _
CL: 2 = (z — 20(e))/e where z9 ~ eIn(3/yo(0)), yo(0) = 1.3, and Y ~
yo(0) + €Yy for Yy = arctanh(7T") where —1 < T' < X and satisfies

(A-T)

—A 2(\2-1)z
A+ 1) M1 -1y ¢

where A is positive and A = yo(0) — 1.

3.46

a)BLsat x =0,1 and a CL at © =1/3
b)ILsatx:%\f—%andatxz%—% 2
c)ILatz=3v2-2 aCLatz=1/3andaBLatz =1

3.52
a) u~ h(z+s)+ [g(t) — h(s)] exp(—xs(t)/e] where s = fot v(T)dr
b) the second term is uj(x,t) = th"”(z + s)

3.55
b) X ~ s(t) +2eIn(B)/(ug — ugy)
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3.56

a) outer layers (x # at): u ~ ¢(xz — at) exp(—Lt)

transition layer: U ~ e %[¢(0T) + 1(¢(07) — ¢(07))erfe(z)] where z = (z —
at) /(20

3.57

outer layers (x # s(t)): u(z,t) ~ ¢(xg) where x = xg + f(P(x0))t and zg # 0
shock layer: letting F”'(u) = f(u), where F(ug) = 0, and G(u) = F(u)/(u—ug),
then s'(t) = G(ug ) and

=z+B

/U" dr
wt (r—=ug)[G(r) — G(ug)]

3.58

W~ —ke M fot e2FTerf((1 — 1) /\/2e(t — 7))dr

3.60
¢~ were(e/(2VD) + (1 - o )erfe(£ /S
3.63

a) Yy ~ Ar’t + Br” where ry = (8 £ /5% +a?)/a
b) a = hp, /2, B = h%q,/2; the second derivative does not contribute

Chapter 4
Multiple Scales

4.1
a) y ~ 2sin(t)/v/4 + 3et
d) y ~ Veexp(—at/2) sin(t/ /)

4.2
a) y ~ecos((1 —e2/24)t); b) y ~ ecos((2v/a — e2a*)t)
)y ~ecos((1 —e?/24)t); d) y ~ £ cos((6v/2 — £21638)t)

4.3
a) y ~ acos((1+ (3/8)ae)t)
c) y ~ acos((1—(5/12)a%c?)t)
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4.6
¢ ~ afl —v/2exp(—(1+v)et/2)sin(t + 7/4)]

4.8
a) ¢ ~ A(z,t) exp(—iv(z)sin(t/e)], where 2i4; + 24, = v2A.

4.11
b)

o — 1 2m +1 + 2m+1
To2mAl [\m 41— m+j
'_L 2m n 2m
=9 [\m+j) T \m—j

1 (2m
Yo = 22m \
4.14

b) q = qo exp(—iwt;), where w = /By — a2 and q¢ = (8,iw — a)T
¢) p = aopo exp(iwt) + cc, where pg = (v, iw + )’

c) If j # 0 then

and

4.18

a) u~ a+ (1—a)cos(d —ea?)
b) 27 (1 + a?¢)

¢) Ap ~ 42.98"

4.19

a) y ~ A(et) cos(t + ), where A =2 or A =2y/c/(c+ dexp(—ct))

4.20
b)
1
Yo="1 cos(3t1 + wta) + 2r(t2) cos(t1 + 0(t2))
where
2r' = —iI{TQ sin(f — wto)
16
and
20" =k 3 372 cos(6 — wty) + 3r?
128 16 ’

where (0) = 1/16 and 6(0) = 0.
b) A2 [9A2 + (6w — 2242 )Y =1 = Ay =1/(3\)

465
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4.21
a) 0 ~ e2(sin(wt) — wsin(t))/(1 — w?) + O(¥)
b) 24’ = — cos( — wet) and A3 + 16wA,, £8 =10

4.22
y ~ '3 A(et) cos[kt + 0(et)], where Ao (32 A2, — 2wk) =1

4.23
a) y ~ '3 A(?/3t) cos[t + 0(%/3t)], where A (a® + (2w + A2)?] =1
b) yes

4.27
a) 0 ~ e'/3 A(et) cos|t + ¢(et)], where 8A’ = [asin(2¢) —4u] A, and if A # 0 then
16¢' = 2accos(2¢) — A% — 4a. Note that o < 4p = A — 0

4.31
c)
_ 1 k%CO
Kl=—-—5"53
T omy k3 + cdw?
- 1 koc3
01 = W1 1 + — c OCO

2my kE + cdw?
where w? = k1 /m;.

4.34
y ~ D(et)~Y4[BD(0)3/*sin(r) + aD(0)*/* cos(7)], where 7 = fot D(es)~/?ds

4.36
The higher order terms for the stability boundaries can be found in Abramowitz
and Stegun (1972), pg 724. Note, using their notation, a = 4\ and ¢ = ¢/4

4.40
b) X =g(x)/g(1) and v = g(1)A, where g(z) = [ /1 + eu(r)dr

)y =0 = A~nn(l—aec/d)

4.47
a) u(z, t) ~ >0 Bue /2 cos((A2 — g/2)t) sin(\,z)

4.49
b) u~e(l —2)U(r) and p ~ 1/[1 — [ U(c)do]
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4.52
b) u ~ ggww—gqamﬂ+fu+ﬁdwmﬂm

4.53 ]
b) e o= [7 [f @ —t+ 2rVEl)e ™ dr

4.54
a) p~[F(z—t)+ G+ 1)/ 1

4.55
characteristics satisty z; =y, y: = —f(t)x = 2" + (a — e cos(t))x = 0 which is
Mathieus’ eq

4.56 )
u(z,t) ~ acos [k‘x - (w — S e ) t}

4.57
b) u=1/(1+exp(A(x —t) —et))

4.59
b) The solution has the form given in (a), except that
P p(61)
YP(01)[1 — exp(ta/(1 + ¢))] + 2exp(ta/(1 + ¢))
and

G- q(02)
Yq(02)[1 — exp(t2/(1 + ¢))] + 2exp(t2/(1 + ¢))

where p = g + v/2h and ¢ = g — v/2h, and u(z,0) = g(z) and v(z,0) = h(z)

4.60

b) u ~ e{By + Agcos[(0 + ¢(7)]}, where 0 = kz — wt and 7 = &7¢; i)
By#0 = ~v=1¢=¢o—artBy,and ii) By =0 = v =2, ¢ = ¢y + C7 for
C = akcy — a? A3 /(248k) where cq is an arbitrary constant

c) u ~ elu+A(r) cos[@+aeu(x —t)/(38k) + ¢o(r)]], where r = ex — (1 — 38k?)et;
the case of when p = 0 is considered in Schoombie (1992)

4.64
b) ug = Up(t1 + 0(x,t2)), where Up(s) = 1/(1 +e~%) and § = £ In(1 + 4eAt) —
[eN2t(x1 — 10)? — Mo — xo)(z — 21)]/(1 + deXt)
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4.66

b) u = ug(f,z2), for 6 = t — x and x2 = ex, where uy = 0 if § < 0 oth-
erwise Opug = ¢'(s) where s = s(,xz2) is the non-negative solution of § =
5 — Las f(—g/(5)). Thus, for 0> 0, uo = g(s) + 1aa[g/ () f(~g'(5)) + F~g'(s)]
where /(o) = f(o) with F(0) = 0.

4.67
b) s ~ L[F(¢1)+F(¢2)], where ¢ = x—t+etF(¢1)/2 and ¢ = x+t+etF(¢o)/2

4.68
a) p~1+ef(x— M)+ 22Atf'(z — M) where A = o+ 3

4.71
a) y, ~ Ae

2en
4.76
a) Yn ~ a"7o(s), where 75 = g(o)

4.77
from (a) 0/ = 3A?; from (i), 0 ~ 3A%(1 + £h?); from (ii), ¢’ ~ 2A%(1 — 3h?);
from (iii), ¢’ ~ 3A%(1 — $h?)

4.78
a) w? = w? + 4sin*(k/2)
b) un(t) ~ eA(t) cos(kn — wt + ¢(t))

4.79
a) gn ~ Go(en), where G{(s) = vGo(1 — Go)(a+ 8Gyp), where v = % Zjvzl &)
b) gn ~0,1,—a/B;0< goo <lifa>0and S <0 with0<g; <1

Chapter 5
The WKB and Related Methods

5.1 )
A(e_g—q2e72ms =
b)y~1+ , where p = x ¢*> + arcsinh(z), ¢ = Vo + Va2 + 1,

q(z2+1)1/*
and A determined from y(1) = 0.
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c) y ~ Alexp(—e®) —exp(e* —2 —x/¢)], where A = 1/[exp(—e) —exp(e —2—
1/¢)], and y. ~ exp(e — e*) —exp(—1 + e — x/e)

—a_——a:

dyy~A(xz+1)e - ﬁ where A determined from y(1) = 3
5.4
d) y ~ ¢ Y/4(Ae"/e + Be ) exp(—3 [* f(r)dr), where n = [*\/q(r)dr
5.7
) ys ~q Ytexp( [T (£ —4q +ep® — \ep)da).
5.9
a) yiwnixi”[lﬂp%(ai—f—x )+
b) J,(x) ~ 2W( 2)"[1 — 12 (1 + 322)].
5.10

)y ~h 1 ?agexp(z [“(—p+h+L "Vds+bo exp(— = [“(p+h+ %)ds], where
=/p?—4q

5.14

a) y ~eet/? {sin[a(1 — e™")] + Le(e! — 1) cos[a(l — e*)]}, where v = 1/¢

b) two principal shortcomings are: (1) differences in zeros — this is a relatively

minor problem, and (2) unboundedness of second term for large ¢ — in partic-

ular, we need eet < 1. The latter problem is due to a turning point at ¢ = oo

¢) y = Z[Yo(a)Jo(B) — Jo(a)Yo(B)] where @ = 1/¢ and 8 = ae™"
5.15
a) eBR" + (=1 + AB)R' =0 and eBR'(0) — R(0) =0 = R =1 — re **/¢ where

r=1/(B\) and k = (-1 + A3)/8
b) R~ 1+ Ae 9@/ /(1 — \B) where § = \z — Jo 725 and A =1—1/(ABo);

B(s)
the conditions are that § — co as x — oo and A > 0 for 0 < z < o0
5.16
P~ A(z,e)exp(8(z )/5+77u0x(exp(9 )— 1) f" A(s)ds), where 6, = In(§) and
¢ satisfies oz [ exp (,uoa: fo ) =1
5.19

b) E=¢e(2n+1)/u

d) E ~ (aue™N?)Y7(1 + B/N?), where 4a = 7 [I'(

3m(m +2)28 = 4m(m — 1) cot(m/m)

5.20

b) the approximation for ¥(z) is given by (5.48) for x < a, and for x > b one

finds ¥ ~ 2ag|q(x)|~*e%/¢ exp(i(—Et — 0/c — n/4)) where ¢ = V() — E,
b 5 b

¢ = fa Vq(s)ds and 6 = fx Vq(s)ds

5.24

b) balancing = a=1/2 and f =1/4

S2) /1 (mh)]” and
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5.31
b) E = %Dufm + %uuf, S = —uzt Duyy + w0z (Duy), @ =0

5.36
a) for the nth mode the general solution has the same form as in (5.102) but

"y — sm\(/f’%y) (aLei(wtf()(m)/s}qL{ 4 bLei(thr(f(m)/s]f(:)
where 6(x) is given in (5.105) and ((z) = ¥ [ a(z)/v/w?pu? — Ay da

5.44
b) SIAM Appl Math, v16, 1968, 783-807

5.45
Claim 1: 0,X|s=0 = £n, for some scalar .

The first thing to note, from the WKB expansion in (5.120) and the ray equa-
tion (5.124),

Vo ~ e [iuu, Vo + - -]
i) [Mv()@sX L ] _
A
In what follows it is assumed that the boundary surface S is parameterized
as x = r(w, ), where the tangent vectors t, = J,r and tg = Ogr are

orthonormal. If n is the unit outward normal to S then, using this and the
tangent vectors as a basis, we can write

Vo= (Vu-n)n+ (Vv t)te, + (Vv-tg)ts.
Also, from the boundary condition (5.119), it follows that on S,
00 =V :0,X=Vf"tq,,

and
Ogv=Vuv-0sX =Vf tg.

Combining our results, we have shown that
(Vo-n)n—+ (Vf ta)ta + (V- t5)ts ~ ’%f(xo)asxgzo Foe (BI)
This assumes that

0o = 0. (E.2)

Given that S and f are independent of w, and assuming that A is indepen-
dent of w, (E.1) shows that 9sX|s—o is a scalar multiple of n. In other words,
0sX|s=0 = k1.
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Claim 2: k = A\
To find k, note that from (5.122) and (5.124),
0X 09X _ It

s o5 (£3)
From this, it follows that x? = \2u2.
Therefore,
0X
- = Aopo o, (E4)
Os s=0

where ng is the unit outward normal at xp, and Ay and p are the values of the
respective quantities at xg. This, along with (5.130), are the initial conditions
used in solving (5.129).

5.46

a) (5.134) = X5 =aX —bX; = ps =0

b) k = Erou(re) sin(¢p) where ¢g is the initial angle the ray makes with the
radius vector

5.49

a) D(VO-V0)? = pu.

5.51

a) u = constant = rays are straight lines = wave fronts parallel = R; = p; +s;
in R2, py = 00

5.52
¢) note k ~ 0.065r. where 7. is the scale factor (in km) used to nondimensionalize
r* =r.r

5.53

a) k = wpu, where u is the unit vector given in the ray equation initial condition.
b) Given that §; = 0 on the interface it follows that (u; —ug)-x=0,¥x € S.
Consequently, u;y — ug is parallel to n, and from this it follows that the three
vectors are coplanar. That the angles are equal follows from the identity u-n =

cos(¢).

5.63
a) Yn ~ (2 —4)"Y4ag exp(0 /€) + by exp(0_ /)] where

0+ :/ In (;(q:t vV 2 —4) dv

b) An41 = Cnan—l/an

5.64
a) yn ~ [agexp(if/e) + boexp(—if/e)]/(1 — v*)Y/* where v = en and 0 =
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varcos(v) — V1 — 12

b) ag = \/2/(2m)e’™/* and by = \/e/(2m)e """/

5.65

a) 2, ~ v%(ar, + b/r,)/v/1+ 4v where v = en and

n—a/2
= (BEEEER) e (VT D)

v

5.66
b) vy =k —nand R~ e’¢[Ry(n, k) + -], where = k + (1 — &) In(1 — k) and
Ro = A[(1 — K)e"]en/?

Chapter 6
The Method of Homogenization

6.3

a) am(ﬁaxu()) + Q(Uo) = atuO + <f>oo

6.9

e) (D7) = 1/(¢aDa+dsDgs), which is a volume fraction weighted harmonic
mean ; the harmonic mean is obtained only when ¢, = ¢5 = 1/2

f) the greatest relative error occurs when ¢, = 1/2 with a relative absolute
error of (D, — Dg)?/(4D,Dpg); the error is zero if ¢, = 0 or if ¢, = 1

6.21

b) Setting w, = (uq, vq, wy) for ¢ = s, f = V2w, = 0 where w, is periodic and
on the interface Dyn - (e1 — Vyu,) = aDn - (e — Vyuy), ete

6.22

b) V2 — 22ae*®) f = zae*® where n -V, f = 0 on 0§2;

e) ¢ satisfies the Poison-Boltzmann equation ngﬁ = zae® in 082 where ¢ is
periodic and n - V¢ = o on 0f2

Chapter 7
Introduction to Bifurcation and Stability

7.1
b) y+ = £2v1 — 422 for —1 < 2\ < 1 where y, is stable and y_ is unstable
7.6

b) supercritical pitchfork when )\, = (nm)? and 6,, ~ 2v/2¢ cos(nzx)/(nm)
b) Vi ~ —2¢2/72 = 6, = 0 is unstable for A > 72
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c) for 0, one finds V,, ~ —2¢2/(nm)? = Vi < Vo < .-+ < V,, < 0 and this
suggests that V7 is the preferred configuration

7.7

a) y = Asin(nmz) where A = 0 or A2 = 2(\ — (nm)?); pitchfork bifurcation at
(Aps Ap) = ((nm)2,0) for n =1,2,3,---

b) V,, = —A}/2

7.9
a) = 0 stable for 0 < w < 1 and § = Farcos(w™2) is stable for 1 < w < oo;
0 = £ is unstable

7.10
c)kp=0and 0 < Ky <1/2
d) slope fort 2 = 40 is 24.34 and slope for £2 = 30 is 20.36; w = £§2/1/2 — k2

7.11
¢) w=2and v ~ A(7)cos(t + (7)) where A = Ag\/a2 +e37e37/* and § =
— /4 + arctan(age®™/?)

7.13
a) saddle-node at (—1/4,—1/2), a Hopf at (0,0), and a transcritical at (0, —1)
b) y ~ /eAcos(t; + 0) where 84’ = A(4 — A?%) and 246’ = 36 — 3142

7.14
a) ys = 0 is asy stable onlt when A < 0
b) y ~ A(et) sin(t + 6p) where A(7) = 1/(apax + cexp(_nT))l/Zn

7.16

c) Assuming T' = § +e2, ty =e%t,and y ~ 1 +ey; +e%ys +€3y3 - - -, shows that
there is stable limit cycle for € > 0. Note that y; = a1 (t2) exp(iAt;) + cc where
A>0.

7.23
a) subcritical saddle-node at (A, yp) ~ (0.1291,0.0635)

7.24

a) subcritical saddle-node at (Mg, yo) =~ (280.76,2.360) and a subcritical saddle-
node at (A1,y1) ~ (336.6,6.6355)

Q)Y ~ yy — 0et3(ag Ai' (—EF) + b Bi' (—£7)) [ (a Ai(—E7) + boBi(—£7)) where
o = &/(15y1 — T4), & = [(16yy — T4)(y1 — D]V/3, and 7 = (7 — \y)/e?® =
To = A1 + (2.3381---)e?/3 /¢

7.25
a) transcritical bifurcation at (0,0) and a subcritical saddle-node at (9/8,3/4)
c) y ~ ys+e'/3Acos(wt+0) where A% {r*w? + JAL [-1+7(1—2y,)%/w?]?} =1

7.28
a)r' = —r(r2—=AX1-X)) and ' = -1



474 E Answers

7.29
a)y=v=(1—-a—B8+pn)/2
7.31

a) y = v =1 is stable for A < 1/(y — 1) and unstable for A > 1/(y — 1)
b) a Hopf bifurcation takes place

7.32
a) @ =7/(1 =), v = (1= 9)/a is stable for (1-7)° < 4a

7.33

a) ¢, = Tsexp(—T) and Ts = u/k; steady state is asymptotically stable if
k> (Ts — 1) exp(—T5)

b) supercritical Hopf bifurcation at p; and subcritical Hopf bifurcation at .
d) pr ~k(l+es+e2k?+---)and g, ~ k(¢ —¢ 1 —1.5¢("2+---) where ¢ > 1
satisfies (exp(—() = k = ¢ ~ zo + In(20) + In(20) /20 where zg = —In(x)

7.34

a) xs = p/a, ys = a/p is stable

b) zs = p/ay ys = a/u is stable if u > p. and it’s unstable if 0 < p < p. where
e =av/1—a

7.37

b) y = yo stable for Ayo < 2 and there’s a Hopf bifurcation at \yo = 2
7.38

a)f=2=0

b) # = 0 and z = eaq cos(kt); the motion is straight up and down; see van der
Burgh(1968)

7.39
a) A <0

b) k2 =X—7r2and 0 <o < VX
7.40

a) Hopf bifurcation along line A = —p for —1 < p < 1
b) y ~ eyo(t,7) and v ~ \/evg(t,7) where 7 = et. Ast — oo, yg — sin(O) and

vo = /1 — p?cos(O) + psin(@) where © = (1 —eu)/1 — p2t + 0o

7.43

a) ¢ = 2arctan (’y + sign(eb) /1 4+ 2 tanh(q)), where ¢ = %cbt\/ 14+92 + ¢,
v=cafen =b(2—2), o =a(2+2)

7.46

a) us = +y/eAsin(nz) and \, = n? where A = 2//3

b) us = 0 is stable for A < 1 and uy = £/eAsin(x) is stable for 0 < A -1« 1
7.47

a) us = e*Asin(nmz) and N\, = (n7)? where i) n odd = A = 3/(8nm) and
a =1, and ii) n even = A% =6/(5\;) and o = 1/2
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b) stable for A < 7
Additional References: Bramson (1983) and Fisher (1937)

7.48

a) i) us = 0, VA, and ii) us = A, sin(nz) with A\ = A\, (1 + A2 /8) where ), =
(nm)?

b) unbuckled state is stable if A < 72 and unstable if A > 72

7.53

c) uo = (uituy)/2, aij = —(u;—u;) /2, Bij = (uj—u;)/v/8and xij = v2sgn(u;—
u;)(u1 + ug + ug — 3ug); see Albano, et al. (1984)

7.54

b) for 0 < X < 7 the steady states are u; = o;z, for a3 < as < ag where u; and

ug are stable, and us is unstable; for 7 < A the steady state ug is unique and
stable

7.55
a) u~us+ > ve™ = A< 1

7.58
¢) zy = (14 2z0).



